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Quantum Thermometry with Trapped Ions
Peter A. Ivanov
Department of Physics, St. Kliment Ohridski University of Sofia, James Bourchier 5 blvd, 1164 Sofia, Bulgaria
We introduce the estimation protocol for detecting the temperature of the transverse vibrational modes of
linear ion crystal. We show that thanks to the laser induced laser coupling between the vibrational modes and
the collective spin states the estimation of the temperature is carried out by set of measurements of the spin
populations. We show that temperature estimation protocol using single ion as a quantum probe is optimal in
a sense that the set of state projective measurement saturates the fundamental Cramer-Rao bound. We find a
plateau of the maximal temperature sensitivity using ion chain as a quantum probe. Moreover, we show that the
non-classical part of the quantum Fisher information could leads to enhancement of the temperature sensitivity
compared to the single ion case.
PACS numbers:
I. INTRODUCTION
Precise temperature estimation has attracted recently con-
siderable interest due to the broad range of technological ap-
plications includingmedicine and biology [1] as well as quan-
tum thermodynamics [2]. For example measuring low temper-
ature with high precision in a controlled quantum systems can
be used to test and explore the thermodynamics in the quan-
tum regime [3, 4]. One way to determine the temperature of
the quantum system is to measure its energy where the ulti-
mate limit of estimation precision was recently discussed [5–
7]. Other approach is based on the coupling between the sys-
tem at the thermal equilibrium and ancillary probe qubit sys-
tem where the temperature estimation is carried out by state-
dependent measurement of the qubit states [8–10]. Various
quantum systems can be used to detect very low temperature
including for example Bose-Einstein condensate [11] and ul-
tracold lattice gases [12]. Another promising quantum sys-
tem with application in low temperature measurement is the
laser cooled trapped ions which provide excellent experimen-
tal control over the external and internal degree of freedom as
well as high fidelity read out of the quantum state [13, 14].
In this work we consider the estimation on the temperature
of the two transverse vibrational modes of linear ion crystal
via state dependent measurement of the collective ion’s spin
states. We show that the bichromatic laser field can be used
to couple the transverse vibrational modes with the collective
spin states with tunable coupling strength and detuning. Our
temperature estimation protocol consists of Ramsey type se-
quence where the temperature dependent phase acquired by
the spins during the time evolution is mapped on the respective
spin populations which are subsequently measured. We quan-
tify the estimation precision in terms of classical and quantum
Fisher information. For the single ion case we show that the
estimation protocol is optimal in a sense that it leads to equal-
ity between the classical and quantum Fisher information. We
find the optimal spin basis and show that is independent on the
temperature. We extend the discussion by considering multi-
ion chain as a quantum probe. At low temperature limit we
find a plateau of the maximal sensitivity compared to the sin-
gle ion case. We examine the quantum Fisher information and
show that its non-classical part could leads to enhancement of
the temperature sensitivity.
The paper is organized as follows: In Sec. II we discuss
the vibrational modes of the linear ion crystal. In Sec. III
we consider the laser-ion interaction which coupled the trans-
verse vibrational modes with the collective spin states. In Sec.
IV the adiabatic elimination of the phonon states is discussed.
We show that depending on the sign of the laser detuning the
time evolution generated by the residual spin-phonon interac-
tion takes the form of spin-dependent beam-splitter (BS) op-
erator or two-mode squeezing (TMS) operator. In Sec. V we
provide the general background of the temperature estimation.
In Sections VI and VII we consider the Ramsey interferome-
try sequence in which the information of the temperature is
mapped on the spin populations. Finally, in Sec. VIII we
summarize our findings.
II. QUANTUM PROBE
We begin by considering ion system which consists of N
ions with charge e andmassm confined in linear Paul trap with
trapped frequencies ωα (α = x,y,z). The potential energy of
the ion system is a sum of the effective harmonic potential and
the mutual Coulomb interaction given by [15, 16]
Vˆ =
m
2
∑
α=x,y,z
N
∑
j=1
ω2α rˆ
2
α , j+
N
∑
i> j
e2
|~ˆri−~ˆr j|
. (1)
For sufficiently strong transverse confinement with trap fre-
quencies ωx(y) ≫ ωz the ions are arranged in a linear configu-
ration along the trap axis z. The equilibrium ion’s position z
(0)
i
are determined by the balance between the Coulomb repulsion
force and the harmonic trapping force, which are quantified by
the condition (∂Vˆ/∂~ri)
ri=z
(0)
i
= 0. Hereafter we consider the
low temperature limit where we can expressed the position op-
erator of ion j as ~ˆr j = (z
0
j + δ rˆz, j)~ez+ δ rˆx, j~ex+ δ rˆy, j~ey where
the displacement operator δ rˆα , j describes the quantum har-
monic oscillation of the ion around the equilibrium position.
Within the harmonic approximation the vibrational Hamilto-
nian becomes
Hˆvib = ∑
α
N
∑
j=1
pˆ2α , j
2m
+
m
2
∑
α
N
∑
j,l=1
ω2αK
(α)
j,l δ rˆα , jδ rˆl, j, (2)
2where K
(α)
j,l is the spring-constant matrix [17, 18]. Since the
Hamiltonian (2) is quadratic in the momentum and displace-
ment operators one can diagonalize it by introducing collec-
tive vibrational normal modes. Indeed, solving the eigen-
value problem, ∑Nj=1K
(α)
p, j b
(α)
p,n = λα ,nb
(α)
j,n , where b
(α)
p,n is the
component of the nth normal mode eigenvector and λα ,n
is the corresponding eigenvalue one can expressed the dis-
placement operators in terms of normal modes as δ rˆα ,i =
∑Nn=1 b
(α)
i,n
√
h¯/2mωα ,n(aˆ
†
α ,n+ aˆα ,n). Here ωα ,n = ωα
√
λα ,n is
the collective vibrational frequency and aˆ
†
α ,n, aˆα ,n are the re-
spective creation and annihilation operators of phonon in the
nth mode and direction α . Finally, the vibrational Hamilto-
nian becomes
Hˆvib = h¯∑
α
N
∑
n=1
ωα ,n
(
aˆ†α ,naˆα ,n+
1
2
)
. (3)
We emphasize that for n = 1 the collective frequencies be-
comes ωα ,1 = ωα with normal mode eigenvectors b
(α)
i,1 =
1/
√
N. In this mode all ions oscillate in the same manner
which we refer it as collective center-of-mass (c.m.) motion.
In the following we discuss measurement of the tempera-
ture of the c.m. modes in two orthogonal transverse x-y direc-
tions by detecting the population of the internal ion’s states.
For this goal we consider the laser-ion interaction which cou-
pled the ion’s internal electronic states with the c.m. vibration
modes. We show for sufficiently high effective phonon fre-
quencies compared to the spin phonon couplings the c.m. vi-
brational modes can be adiabatically eliminated such that the
residual spin-phonon interaction takes the form of the spin-
dependent phonon beam-splitter [19] as well as two mode
squeezing operators [20]. The temperature estimation is per-
formed by mapping the temperature dependent phase acquired
by the spin states during the Ramsey sequence into the spin-
state populations.
III. LASER-ION INTERACTION
Consider that each ion has two metastable internal states
|↑〉, |↓〉 with Bohr frequency difference ω0. The interaction-
free Hamiltonian describing the internal and external degrees
of freedom is given by
Hˆfree = h¯ω0Jˆz+ Hˆvib, (4)
where we have introduced collective spin operators Jˆα =
1
2 ∑
N
k=1 σ
α
k with σ
α
k being the Pauli operator for kth spin.
In order to couple the internal spin states with the collec-
tive vibrational states we assume that bichromatic laser fields
are applied along the transverse x and y directions with laser
frequencies ωr,α = ω0− (ωx+δx) and ωb,α = ω0+(ωx−δx)
[22, 23]. Here δx, δy with δx(y) ≪ ωx(y) are the laser detun-
ings to the c.m. vibrational modes along the two transverse
directions. The bichromatic laser field causes simultaneous
excitation of the red- and blue-sideband transitions between
the spin and motion states. The total Hamiltonian becomes
Hˆ = Hˆ0+ HˆI with
HˆI = h¯
N
∑
k=1
∑
α=x,y
Ωα{|↑k〉 〈↓k|eikα δ rˆα,k−iφα (e−iωr,α t + e−iωb,αt)
+h.c.}, (5)
where Ωα is the Rabi frequency, ~kα is the laser wave
vector, and φα is the respective laser phase. We intro-
duce Lamb-Dicke parameter ηα = kα
√
h¯/2mωα and as-
sume Lamb-Dicke limit ηα ≪ 1. Transforming the total
Hamiltonian in an interaction picture with respect to Uˆ(t) =
e
−iω0tJˆz−i∑α ∑Np=1(ωα,p−δα )t we obtain
Hˆ = Hˆb+ Hˆsb, Hˆb = h¯ ∑
α=x,y
δα aˆ
†
α aˆα ,
Hˆsb = h¯ ∑
α=x,y
2gα√
N
Jˆα(aˆ
†
α + aˆα), (6)
where gα = ηα Ωα is the spin-phonon coupling. The term Hˆb
describes a quantum harmonic oscillators with effective fre-
quency δα . The term Hˆsb describes the desired coupling be-
tween the collective spin operators and the c.m. vibrational
modes. In the expression (6) we have assumed that all vibra-
tional modes can be neglected except the c.m. mode, which
is justified as long as (ωα −ωα ,p 6=1)≫ g, |δα |. For simplicity
hereafter we assume equal couplings, gα = g.
Finally, we point out because each spin is equally coupled
to the c.m. vibrational mode in x-y directions one can intro-
duce the collective spin basis spanned by the Dicke states
| j,m〉, which are simultaneous eigenvectors of Jˆ2 | j,m〉 =
j( j+ 1) | j,m〉 and Jˆz | j,m〉 = m | j,m〉, where j = N/2 is the
length of the maximum spin of the system. Including the mo-
tion degree of freedom the total Hilbert space is spanned by
the vectors | j,m〉|nx,ny〉, where |nα〉 (α = x,y) is a Fock state
with nα phonons.
IV. PHONON ADIABATIC ELIMINATION
In order to perform phonon temperature measurement by
detecting the ion’s internal state population we consider the
spin-phonon coupling term in (6) as a perturbation which is
valid as long as |δα | ≫ g. Then the the c.m. vibrational
modes in x-y directions can be traced out which leads to an
effective spin-phonon coupling [24, 25]. In the following we
show that residual interaction is described by spin-dependent
beam-splitter or two mode squeezing phonon operators.
Let’s perform unitary transformation to (6) such that Hˆeff =
Rˆ(Hˆb + Hˆsb)Rˆ
†, where we set Rˆ = e−Sˆ with Sˆ being anti-
Hermitian operator. We choose Sˆ such that all terms in order
of g in Hˆeff are canceled and the first term describing the spin-
phonon interaction is of order of g2/δα . In order to fulfill this
we determine the operator Sˆ by the condition Hˆb− [Sˆ, Hˆsb] = 0
which gives
Hˆeff ≈ Hˆb+ 1
2
[Hˆsp, Sˆ]+O(g
3/δ 2α). (7)
3Since the time evolution of Sˆ(t) = eiHˆbt/h¯Sˆe−iHˆbt/h¯ is governed
by the Heisenberg equation, namely ih¯ ˙ˆS= [Sˆ(t), Hˆb]we obtain
ih¯ ˙ˆS(t) = Hˆsp(t), where Hˆsp(t) = e
iHˆbt/h¯Hˆspe
−iHˆbt/h¯. Using this
we find after the integration
Sˆ = ∑
α=x,y
2g
δα
√
N
Jˆα(aˆα − aˆ†α). (8)
Then for the effective Hamiltonian we obtain
Hˆeff = Hˆb+ ∑
α=x,y
4h¯g2
Nδα
Jˆ2α +
2ih¯g2
Nδxδy
Jˆz{(δx+ δy)(aˆ†x aˆy− aˆxaˆ†y)
−(δx− δy)(aˆ†x aˆ†y− aˆxaˆy)}, (9)
where we have omitted the constant terms. The second term in
(9) describes the long-range spin-spin interaction mediated by
the c.m. vibrational modes. The last term in (9) is the residual
spin-phonon coupling, which we use to map the relevant tem-
perature information of the c.m. vibrational modes into the
spin state populations. Depending on the phonon detunings
we distinguish to two cases:
A. Spin-Dependent Phonon Beam-Splitter Operator
Setting δx = δy = δ the expression (9) simplifies to
Hˆbs = Hˆb+
4h¯g2
Nδ
Jˆ2z −
4ih¯g2
Nδ
Jˆz(aˆ
†
x aˆy− aˆxaˆ†y), (10)
where we use the relation Jˆ2x + Jˆ
2
y = Jˆ
2− Jˆ2z . The Hamiltonian
(10) contains a quadratic term in the collective spin opera-
tor and residual spin-phonon term, where both are diagonal in
the collective spin basis. The unitary evolution generated by
the residual spin-phonon term is given by the spin-dependent
beam-splitter operator [19]. Such a operator has been used
as an entangler of the output optical fields. Here we use this
spin-dependent part to map the temperature of the quantum
oscillators into the collective spin states.
B. Two-mode Squeezing Operator
For δx =−δy the Hamiltonian (9) becomes
Hˆtms = Hˆb+
4h¯g2
Nδ
(Jˆ2x − Jˆ2y )−
4ih¯g2
Nδ
Jˆz(aˆ
†
x aˆ
†
y− aˆxaˆy). (11)
The spin part in (11) is described by the Lipkin-Meshkov-
Glick Hamiltonian [26]. The unitary evolution generated by
the residual spin-phonon term is the spin-dependent two-mode
squeezing operator [20, 21] in which two phonons in x-y di-
rections are simultaneously created/anihilated. Again we shall
use this interaction to map the temperature information of the
quantum oscillators into the spin-degree of freedom.
In the following we briefly provide the general background
of the theory of the temperature estimation.
0.80
0.85
0.90
0.95
1.00
0 5 10 15 20
Time (ms)
P
o
p
u
la
ti
o
n
s
Figure 1: (Color online) Time evolution of the spin state probability
p↑(t,T ) for various c.m. mean-phonon numbers n¯. We compared the
numerical solution of the time-dependent Lioville equation ih¯ d
dt
ρˆ =
[Hˆ, ρˆ] with Hamiltonian Eq. (9) after applying pi/2 laser pulse, with
the analytical solution (black solid line) Eq. (17). The parameters are
set g = 4 kHz, δ = 150 kHz, and φ = 0. We assume initial thermal
state with mean phonon number n¯ = 0.15 (dashed red square), n¯ =
0.1 (dashed grey triangle), n¯ = 0.05 (dashed blue dot). The blue
solid line represent the analytical solution (20) and respectively the
red dashed line is the numerical solution assuming n¯x = 0.15.
V. TEMPERATURE ESTIMATION: GENERAL
BACKGROUND
We consider that the two c.m. vibrational modes are in ther-
mal state with inverse temperature β = 1/kBT where kB is the
Boltzmann constant and T is the temperature, the parameter
which we wish to estimate. The state of the two quantum os-
cillators is described by the Gibbs density operator
ρˆth =
∞
∑
nx=0
∞
∑
ny=0
PnxPny
∣∣nx,ny〉〈nx,ny∣∣ , (12)
where Ps =
n¯sα
(1+n¯α )s+1
and n¯α = (e
β h¯ωα − 1)−1 being the av-
erage number of thermal excitations. Usually, such a thermal
state is realized experimentally after Doppler cooling of the
ion crystal [27]. Following the approach discussed in [8, 9] the
temperature estimation is performed by read out the spin state
populations via state dependent fluorescence technique. For
this goal we assume that the total density operator evolves in
time according to ρˆ(t) = Uˆ ρˆ(0)Uˆ†, where ρˆ(0) = ρˆspin(0)⊗
ρˆth is the initial density operator with ρˆspin(0) being the initial
spin density operator and Uˆ = e−iHˆefft/h¯ is the unitary operator.
At time t the spin density operator is ρˆspin(t) = Trp(ρˆ) where
the tracing over the phonon degree of freedom is performed.
For a set of measurement outcomes with probability pm(T )
with m=− j, . . . , j, the classical Fisher information quantifies
the amount of information on the temperature of the system.
We have
FCL(T ) =
j
∑
m=− j
(∂T pm)
2
pm
. (13)
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Figure 2: (Color online) (a) Classical Fisher information as a func-
tion of time. We assume ion trap frequency ω = 4 MHz and temper-
ature T = 5 µK (black triangles), T = 6 µK (blue dots), T = 7 µK
(red squares). (b) FCL at tmax for different trap frequencies ω .
The Cramer-Rao inequality bounded the variance of the tem-
perature estimation
δT 2 ≥ 1
νFCL(T )
, (14)
where ν is the number of experimental repetitions. The
classical Fisher information is further bounded by the quan-
tum Fisher information FQ(T ) which gives the ultimate limit
of precision in the temperature estimation quantified by the
quantum Cramer-Rao bound
δT 2 ≥ 1
νFQ(T )
. (15)
The quantum Fisher information can be expressed as FQ(T ) =
Tr(ρˆspinLˆ
2), where Lˆ(T ) is the symmetrical logarithmic
derivative operator which satisfy the operator equation
∂T ρˆspin = (ρˆspinLˆ+ Lˆρˆspin)/2. In present context the quan-
tum Fisher information is a measure of distinguishability of
two quantum states with respect to the infinitesimal variation
of the temperature [28].
Finally, one can express the quantum Fisher informa-
tion in the eigenbasis of the density operator ρˆspin =
∑
j
m=− j ρm |ψm〉〈ψm| where ρm and |ψm〉 are respectively the
mth eigenvalue and eigenvector. We have [29, 30] (see Ap-
pendix A)
FQ(T ) = F
cl
Q (T )+F
nc
Q (T ), F
cl
Q (T )
j
∑
m=− j
(∂Tρm)
2
ρm
,
FncQ (T ) = 2
j
∑
m6=k
(ρm−ρk)2
ρm+ρk
|〈∂T ψm|ψk〉|2, (16)
The first term in (16) represent the classical Fisher information
for the probability distribution ρm while the second term has
truly quantum contribution and leads to FQ(T )≥ FCL(T ).
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Figure 3: (Color online) Matrix elements of the spin density operator
ρˆspin at time tmax versus the laser phase φ . We assume mean-phonon
number n¯= 0.15. We compared the exact results for the spin popula-
tion p↑(tmax,T ) (red squares) and the spin coherence ℜp↑,↓(tmax,T )
(black triangles), ℑp↑,↓(tmax,T ) (blue dots) with the analytical ex-
pressions (black solid lines), Eqs. (17) and (18).
VI. TEMPERATURE ESTIMATION WITH
BEAM-SPLITTER PHONON OPERATOR
A. Single Ion Case, j = 12
We begin with the case j = 1
2
and assume equal trap fre-
quencies ωx = ωy = ω which implies that the c.m. mean
phonon numbers along the two orthogonal directions are
equal, n¯x = n¯y = n¯. For that case it is convenient to intro-
duce a pair of right and left chiral operators according to
aˆr = (aˆx− iaˆy)/
√
2 and aˆl = (aˆx+ iaˆy)/
√
2 which can be used
to diagonalized the phonon part in Eq. (10). Indeed omitting
the constant term we find Hˆbs =
2h¯g2
δ (nˆl− nˆr)σz.
The Ramsey-type sequence starts by preparing the spin in
the equal superposition, ρˆspin(0) = (|↑〉+ |↓〉)(〈↑|+ 〈↓|)/2.
The combined system evolves for time t ′ according the beam-
splitter unitary operator Uˆbs = e
−iHˆbst′/h¯. Then a pi
2
laser pulse
with phase φ is applied which creates the spin superposition,
|↑〉→ (|↑〉−e−iφ |↓〉)/√2 and |↓〉→ (|↓〉+eiφ |↑〉)/√2 which
conclude the interaction sequence. The spin density oper-
ator at time t becomes ρˆspin(t,T ) = p↑ |↑〉〈↑|+ p↓ |↓〉〈↓|+
p↑,↓ |↑〉〈↓|+ p↓,↑ |↓〉〈↑|. Subsequently a measurement of the
spin population is performed with probability given by
p↑(t,T,φ) =
1
2
(
1+
cos(φ)
1+ 4n¯(n¯+ 1)sin2
(
θt
2
)
)
, (17)
with p↓ = 1− p↑ and θ = 4g
2
δ . The off-diagonal quantum
coherence elements are
p↑,↓(t,T,φ) =− i
2
eiφ sin(φ)
1+ 4n¯(n¯+ 1)sin2
(
θt
2
) , (18)
with p↓,↑ = (p↑,↓)∗
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Figure 4: (Color online).(a) Populations pm(t,T ) (m = −1,0,1) for
an ion chain with two ions as a function of time. We compared nu-
merical solution with Hamiltonian (6) for p1(t,T ) (dashed red dots),
p0(t,T ) (dashed grey triangles), p−1(t,T ) (dashed blue squares)
with the analytical expression, Eq. (23) (black solid lines). We as-
sume mean phonon number n¯= 0.1. (b) Off-diagonal coherence ele-
ment p1,−1(t,T ) of the spin-density matrix. We compared the exact
results for ℑp1,−1 (dashed blue triangles), ℜp1,−1 (dashed red dots)
with Eq. (24) (black solid lines).
In Fig. (1) we show the time evolution of the probability
p↑(t,T ) for different n¯. We observe very good agreement be-
tween the analytical expression (17) and the exact result with
Hamiltonian (9). As can be seen from the figure the signal os-
cillation period vary with n¯ and approaches to zero in the limit
T → 0. Using Eqs. (13) and (17) one can obtain the classical
Fisher information. We find for φ = 0
FCL=
h¯2ω2 sin2
(
θt
2
)
sinh2
(
h¯ω
kBT
)
k2BT
4(cosh
(
h¯ω
kBT
)
− cos( θt
2
)
)(cosh
(
h¯ω
kBT
)
− cos(θ t))2
.
(19)
In Fig. 2(a) we plot the classical Fisher information (19) ver-
sus the interaction time t. At low temperature TkB ≤ h¯ω/2
the maximum value of FCL(T ) is reached at time θ tmax =
(2k + 1)pi , (k = 0,1,2, . . .) and φ = 2ppi (p = 0,1,2, . . .).
In Fig. 2(b) we show FCL(T ) at tmax versus the tempera-
ture T . It has a maximal value defined by the condition
∂TFCL(T ) = 0 which reduces to the following transcenden-
tal equation x− xsech(x)(2+ sech(x))− 4tanh(x) = 0 where
x = β h¯ω . We find that the maximal value of the classical
Fisher information is achieved for temperature Tmax ≈ h¯ω4.245kB .
At this point the uncertainty in the estimation of the tempera-
ture is bounded by the classical Cramer-Rao bound (14) which
yields δT ≥ h¯ω
2.964
√
νkB
. As an example consider transverse ion
trap frequency ω = 2 MHz we obtain temperature sensitivity
approximately to 5.2 µK.
In Fig. 3 we plot the spin density matrix elements at the
time tmax as a function of the laser phase φ . We see from
Eqs. (17) and (18) that the spin density operator becomes
diagonal for laser phase φ = 2ppi with p integer, leading to
the equality FCL(T ) = FQ(T ) at any instance of time t. In-
deed as long as the eigenvectors of ρˆspin(t,T ) do not depend
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Figure 5: (Color online) (a) Fisher information versus interaction
time t. We plot the QFI for j = 1 and FncQ (T ) for j = 3/2 at T = 5
µK. As a comparison is shown the QFI for j = 1/2 at tmax (black
dashed lime) according Eq. (19). (b) QFI for j = 1 compared to
j = 1/2 at tmax (black dashed lime) for T = 15 µK.
on the temperature such a equality is always fulfilled, see
Eq. (16) and the Appendix A for details. The latter im-
plies that uncertainty of the temperature estimation performed
by the projective measurements in the original spin basis is
bounded by the quantum Cramer-Rao inequality (15). This
result can be generalized for an arbitrary phase φ where one
can find a basis
∣∣ψ↑〉= −ieiφ cos(φ/2) |↑〉+ sin(φ/2) |↓〉 and∣∣ψ↓〉 = ieiφ sin(φ/2) |↑〉+ cos(φ/2) |↓〉 independent on the
temperature T which diagonalize ρˆspin(t,T ) with eigenvalues
ρ↑(t,T ) = p↑(t,T,φ = 0) and ρ↓(t,T ) = p↓(t,T,φ = 0).
Up to know we assume that both transverse vibrational
modes are in thermal state with mean phonon number n¯. Con-
sider that one of the modes is prepared in the motion ground
state for example the c.m. mode along the y-direction by us-
ing red-sideband laser cooling technique. To goal is to esti-
mate the temperature of the c.m. mode along the x-direction
which is prepared in the thermal state with mean phonon
number n¯x. The vibrational density operator becomes ρˆth =
∑∞nx=0Pnx |nx,0y〉〈nx,0y|. Assuming that the spins are prepared
in equal superpositionwith ρˆspin(0) = (|↑〉+ |↓〉)(〈↑|+〈↓|)/2,
the evolution of the total system is driven by the propaga-
tor Uˆbs = e
−iHˆbst′/h¯. After applying pi/2 laser pulse (we
set for simplicity φ = 0) the spin density operator becomes
ρˆspin(t,T ) = p↑(t,T ) |↑〉〈↑|+ p↓(t,T ) |↓〉〈↓| where (see Ap-
pendix B for details)
p↑(t,T ) =
1
2
(
1+
1
1+ 2n¯x sin
2
(
θt
2
)
)
. (20)
In Fig. (1) we compare the analytical expression (20) with the
exact result. As can be seen the population oscillates with the
same period as (17) but the amplitude is less sensitive to the
change of the mean phonon number. Using (20) we obtain the
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Figure 6: (Color online) Time evolution of the spin populations. The
detuning is set to |δ | = 150 kHz and the system evolves according
the spin-dependent two-mode squeezing operator. We compare the
exact numerical solution for p↑(t,T ) (dashed blue dots) and p↓(t,T )
(dashed red squares) with the analytical formulas (black solid lines),
Eq. (B7). We assume mean-phonon number n¯= 0.1.
classical Fisher information
FCL =
h¯2ω2x sin
2
(
θt
2
)
e
2h¯ωx
kBT
k2BT
4
(
e
h¯ωx
kBT + cos2
(
θt
2
))(
e
h¯ωx
kBT − cos(θ t)
)2 , (21)
with the equality FCL(T ) = FQ(T ). The maximum of FCL(T )
is achieved for T ≈ h¯ωx
4.13kB
where we obtain temperature sensi-
tivity to δT ≥ (h¯ω/2.13√νkB).
B. Multi-Ion Case j > 12
In the following we discuss the temperature estimation of
the c.m. mode using ion crystal consisting of N ions. In that
case the bichromatic laser-ion interaction couples the collec-
tive spin states to the c.m. vibrational mode according Eq.
(10). We assume that initially the spins are fully polarized
along the x-direction,
∣∣ψspin(0)〉 = |↑↑ . . . ↑〉x. Using the col-
lective Dicke states one can express the initial spin state as
∣∣ψspin(0)〉= j∑
m=− j
√
(2 j)!
22 j( j+m)!( j−m)! | j,m〉 . (22)
The combine system evolves in time according the unitary op-
erator Uˆbs = e
−iHˆbst′/h¯. Similar to a single ion case at time t ′ a
global pi/2 laser pulse is applied to all spins which conclude
the interaction sequence.
Consider as an example ion chain with two ions, j = 1.
The spin density operator at time t becomes ρˆspin(t,T ) =
∑1m=−1 pm| j,m〉〈m, j|+ {p1,−1|1,1〉〈−1,1|+ h.c.}, with pop-
ulations
p±1(t,T ) =
1
8
{3+ 1
1+ 4n¯(n¯+ 1)sin2
(
θt
2
)
± 4cos
(
θt
2
)
1+ 4n¯(n¯+ 1)sin2
(
θt
4
)}, (23)
p0 = 1− p1− p−1 and quantum coherence
p1,−1(t,T ) =
1
8
{−1+ 1
1+ 4n¯(n¯+ 1)sin2
(
θt
2
)
+
4isin
(
θt
2
)
1+ 4n¯(n¯+ 1)sin2
(
θt
4
)}. (24)
Figure (4) compares the analytical formulas (23) and (24) to
the exact solution where very good agreement is observed. In
order to find the quantum Fisher information we diagonalize
the spin density operator ρˆspin(t,T ), see Appendix B. In con-
trast to a single ion case, now the non-classical part FncQ (T ) of
the quantum Fisher information is generally non-zero leading
to FQ(T ) ≥ FCL(T ) for j > 1/2. In Fig. 5 we plot the Fisher
information versus the interaction time t. We observe that at
low temperature limit T → 0 the eigenvectors of ρspin(t,T )
becomes temperature independent such that non-classical part
of QFI for j = 1 tends to zero, which leads to equality be-
tween the classical and quantum Fisher information. In this
regime the QFI becomes approximately equal to the maximal
value of QFI for j = 1/2. However, in contrast to the single
ion case now we find plateaus where the maximal value of
QFI is reached. This could be experimental advantage since
it does not require precise knowledge of the parameter θ as is
the case for j= 1/2 where the maximal sensitivity is achieved
for tmax = pi/θ . As can be seen from Fig. 5a the size of the
plateaus increases with the number of ions. On the other hand
slightly rising the temperature leads to a non vanishingFncQ (T )
such that the QFI for j > 1/2 becomes much higher than the
maximal value of QFI for j = 1/2, as is shown in Fig. 5b.
VII. TEMPERATURE ESTIMATION WITH TWO MODE
SQUEEZING OPERATOR
In the following we discuss the temperature estimation us-
ing two-mode squeezing Hamiltonian, Eq. (11). We consider
only the single ion case such that the first term in Eq. (11)
has no role since it gives constant shift. Again, following the
Ramsey sequence the initial prepared equal spin superposition
evolves in time according to two-mode squeezing transforma-
tion Uˆtms(t) = e
−iHˆtmst/h¯. At time t ′ a pi/2 laser pulse is applied
and subsequently the temperature estimation is carried out by
state projective measurements. The analytical expression for
the spin population can be derived exactly, see Appendix B.
We compare these formulas with the exact numerical result.
From the Fig. 6 we see that the expressions (B7) matches the
exact result very closely. We find that for sufficiently long
interaction time both signals tend to 1/2 such that the spin
density operator becomes completely incoherent mixture and
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Figure 7: (Color online) Classical Fisher Information versus the in-
teraction time for different temperatures. We calculate FCL(T ) using
formula (B7) for T = 5 µK (black triangles), T = 6 µK (blue tri-
angles) and T = 7 µK (red squares) assuming trap frequency ω = 4
MHz.
no temperature estimation is possible. Also at any instance
of time the off-diagonal elements of ρspin(t,T ) are zero such
that the density operator is diagonal in the original spin basis.
The latter implies that we need only to consider FCL(T ) be-
cause of the equality FCL(T ) = FQ(T ). Using the expression
(B7) one can calculate the classical Fisher information. On
one hand we observe that the maximal value of FCL(T ) using
two-mode squeezing transformation is smaller than the cor-
responding value using beam-splitter operator, see Eq. (19)
and Fig. 2a for comparison. On the other hand the maximal
value of FCL(T ) is reached for shorter interaction time which
could have particular advantage in case of strong motion heat-
ing which reduces the coherence time.
VIII. CONCLUSION
We have considered the quantum estimation scheme of the
temperature of the transverse vibrational modes of linear ion
chain. The protocol is a Ramsey type sequence in which
the acquired phase of the spins is mapped on the respective
population which subsequently is measured. We characterize
the temperature sensitivity in terms of classical and quantum
Fisher information and show that scheme using single ion as
a quantum probe is optimal in a sense that the state projec-
tive measurement saturates the Cramer-Rao bound. We find a
measurement basis which leads to equality between the classi-
cal and quantum Fisher information and show that is indepen-
dent on the temperature. At low temperature we find plateau
of maximal sensitivity in the case of multi-ion quantum probe.
We have shown that the size of the plateau increases with the
number of ions. Rising the temperature we have shown that
non-classical part of the quantum Fisher information leads to
enhancement of the temperature sensitivity compared with the
single ion case.
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Appendix A: Quantum Fisher Information
Consider the quantum Fisher information FQ(T ) =
∑
j
m=− j ρm〈ψm|Lˆ2|ψm〉 which gives the ultimate precision in
the temperature estimation. Here Lˆ is the symmetric logarith-
mic derivative operator which satisfies the operator equation
∂T ρˆspin = (ρˆspinLˆ+ Lˆρˆspin)/2. We decompose the spin density
operator in its eigenbasis, namely ρˆspin = ∑
j
m=− j ρm|ψm〉〈ψm|
where ρm and |ψm〉 are respectively the eigenvalue and
the corresponding eigenvector. The symmetric logarithmic
derivative operator can be written as
Lˆ= 2
j
∑
m,k=− j
〈ψm|∂T ρˆspin|ψk〉
pm+ pk
|ψm〉〈ψk|
=
j
∑
m=− j
∂Tρm
ρm
|ψm〉〈ψm|+ 2
j
∑
m6=k
〈ψm|∂T ρˆspin|ψk〉
ρm+ρk
|ψm〉〈ψk|
=
j
∑
m=− j
∂Tρm
ρm
|ψm〉〈ψm|+ 2
j
∑
m6=k
ρm−ρk
ρm+ρk
〈∂T ψm|ψk〉|ψm〉〈ψk|.(A1)
Here we have used the orthogonality 〈ψm|ψk〉 = δm,k as well
as the relation 〈∂Tψm|ψk〉 = −〈ψm|∂Tψk〉. Finally, using Eq.
(A1) one can write the quantum Fisher information in the fol-
lowing way
FQ(t,T ) =
j
∑
m=− j
(∂T ρm)
2
ρm
+ 2
j
∑
m6=k
(ρm−ρk)2
ρm+ρk
|〈∂Tψm|ψk〉|2,
(A2)
where the first term is the classical part and the second term
has respectively truly quantum contribution.
Appendix B: Spin Populations
1. Beam-Splitter Operator
The time evolution of the spin-density operator after taking
the partial trace over the vibrational degrees of freedom is
ρˆspin =
∞
∑
n,s=0
PnPse
−i θ tN (Jˆ2z +Jˆz(n−s))ρˆs(0)ei
θ t
N (Jˆ
2
z +Jˆz(n−s)), (B1)
where Ps =
n¯s
(1+n¯)s+1
. We assume that the initial spin den-
sity operator is ρˆs(0) = |ψ(0)〉〈ψ(0)| with all spins polarized
along the x-axis, |ψ(0)〉= |↑↑ . . . ↑〉x. At time t ′ a global pi/2
laser pulse is applied to all ions which rotates the spin states
|↑〉 → (|↑〉− e−iφ |↓〉)/√2 and |↓〉 → (|↓〉+ eiφ |↑〉)/√2 with
laser phase φ . Measuring the spin populations allow to ex-
tract the information of the temperature of the c.m. vibrational
mode.
8For particular example of single ion systemwith j= 1/2 we
obtain the following density operator ρˆspin(t,T ) = p↑ |↑〉〈↑|+
p↓ |↓〉〈↓|+ p↑,↓ |↑〉〈↓|+ p↓,↑ |↓〉〈↑|, where
p↑(t,T ) =
1
2
(
1+
∞
∑
n,s=0
PnPs cos(θ t(n− s))
)
,
p↑,↓(t,T ) = i
∞
∑
n,s=0
PnPs sin(θ t(n− s)) , (B2)
with p↓ = 1− p↑, p↓,↑ = (p↑,↓)∗ and φ = 0. Both sums in Eq.
(B2) can be evaluated which gives respectively Eq. (17) and
p↑,↓ = 0. Thus, the density operator is diagonal with eigen-
states
∣∣ψ−1/2〉 = |↓〉, ∣∣ψ1/2〉 = |↑〉. From Eq. (A2) we find
the equality FCL(t,T ) = FQ(t,T ). Note that this result can be
generalized for arbitrary phase φ .
In order to calculate the probability (20) we use the follow-
ing relation
Tr{eθt(aˆ†x aˆy−aˆxaˆ†y)ρˆth,x⊗|0y〉〈0y|}
=
∞
∑
nx=0
Pnx〈nx,0y|eθt(aˆ
†
x aˆy−aˆxaˆ†y)|nx,0y〉=
∞
∑
nx=0
Pnx cos
nx(θ t)
=
1
1+ 2n¯x sin
2
(
θt
2
) . (B3)
We continue with the two ion case, where the collective
spin populations and the spin coherences are given by Eqs.
(23) and (24). We diagonalize the spin density operator which
yield ρˆspin(t,T ) = ∑
1
m=−1 ρm |ψm〉 〈ψm| where the eigenvec-
tors are
|ψ1〉= eiϕ cos(ξ )|1,1〉+ sin(ξ )|1,−1〉, |ψ0〉= |1,0〉,
|ψ−1〉=−eiϕ sin(ξ )|1,1〉+ cos(ξ )|1,−1〉, (B4)
with
ξ = arctan


√
(a− 1)2+ 16b2 sin2 ( θt
2
)
√
(a− 1)2+ 16b2− 4bcos( θt
2
)

 ,
ϕ = arctan
(
4bsin
(
θt
2
)
a− 1
)
. (B5)
The corresponding eigenvalues are given by
ρ± =
1
8
(
3+ a±
√
(a− 1)2+ 16b2
)
,
ρ0 =
1
4
(1− a). (B6)
Here we have introduced the notation a = (1 + 4n¯(n¯ +
1)sin2( θt
2
))−1 and b= (1+ 4n¯(n¯+ 1)sin2( θt
4
))−1.
2. Two-mode squeezing transformation
Using the representation of the two-mode squeezing oper-
ator presented in [21] one can derived expression for the spin
populations. We find
p↑(t,T ) =
1
2
{1+
∞
∑
n,s=0
min(n,s)
∑
l,k=0
PnPssech(θ t)
n+s−l−k+1eθt(l−k)
× (n+ s− l− k)!n!s!
l!(n− l)!(s− l)!k!(n− k)!(s− k)!} (B7)
and p↓(t,T ) = 1− p↑(t,T ). The off-diagonal elements of
ρspin(t,T ) are zero.
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